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G rollary (compactin theorem)
.

If a wotheory T is finitely satisfiable
,
then it is actisfiable.

Proof
.

Since T in finitely satisfiable
, every finite cubthes of it is consistent,

but then the whole i is consistent
,
hence satisfichle by Godel Completemen.

Henkin's proof of Godel Completenes.

Given a consistent 5-theor T ,
the idea is to build an consistent an

very t-maximal extension FCT so that I contained information about

how a potential model ofF should be defined.

Example . Given a -structure A := (A
,
+)
,
recall that ElDiag(A) is a long

in the signature JA := +VIC : AEA)
,
where as are constant symbols not

present in t . Furthermore :
El Diag(1) = 7 Year , Can , ..., Can : At 4 (a,12 , ..., an) , Y(X, Xe) is an extended reformula).
Then clearly , naving EIDicy(A) , we can rebuild a model E isomorphic
to A : indeed take F : = <Ca : <E25] and define the interpretation
of symbols in5 just like EINicy(A) forces us to

,
e . g . put fla darl-

:= Can iff Fa , Can) = Can E ElDing(A) .
Note Hot not only EIDiag(A) is F-maximal consistent

,
but it also

has the additional property let wherever Eve ElDiag(A) fr some

extended F-formula 41)
,
then there is a constant symbol cat such

that yay) < ElDiag(A) just becase AFFr4 were there would

be a wither MEA 60 4
,
i
. e. AE419/2) . Turns out that demanding

this additional property , together rile Emaximal completen , is enough
to build a model even if the given hey is not of the form ElDicgIA).



Def
. Let I be a signature .

A =-Dog H is called Henkin if it is
= -maximal consistent and for each extended 5-formula Y(r),
if JrYEH then there is some celous (th such that 41)EH

.

We call this constant synbol , a Henkin witness for Jr4.

For a signature +to be possible no admit a Menkin --theory ,i has

↓o certain lots of constantynbols lat last one)
.
So do build a Henkin

Mos extending a give consistent 5-theory T
,

we first need to extend

the signature.

Adding Heakin witwere be signature . Given a signale 5
,
we suppose for coave-

nience (to avoid dealing with tracsfinite recursion/induction) thatwis othl.

Then there are etbly-many 5-formulas and we build a still cdbl

extension of of5 by M : = ⑪ Nu where to : = 5 and each In is

still oths. We build the sequent (wine by induction ona. Set 80 :0

and
suppose

that in is defined. Put
n+ 1

int := In UhCzry : Perle ExtFormulas (ful].
If in is stl

,
then so is tes

,
which proves let it in othl being a othl

union of the) sets.

Lemma . Every consistent 5-theory T extends to a Henkin O-Keory.
Proof

. Again we only prove for abl 5
,
since the idea of proof is the came

in general . Let Iiulne be defied as above
,
with to=5

.
Let to be a tomax

consistent extension of 5. We inductively build an increasing requence
ITune such that each Ters is De-maximal consistent theory· Suppose4/

Tzn is defined
,
define Tart := TznV74(*/) : FrtETan] Part (C) of

Lemma about consistency implies let ifThe is consistent When Teres is consistent.



Lastly , define Tzreh as come Toxi-maximal resistent extension of Tect.
This finishes the inductive construction and we let Hi T ,

so Hisa

in-theory . By the lerma about rested urious of consistenttheories
.
It is

consident. Similarly, It is t maximal become for anyOn-centere 2,
& uses only finitely manyonstants , so h is a to-rctece for
come FEIN

,
heave yetip or The ture base Take is in maximal

Also similarly , one verifies that H is Renkin : suppose Eve
#H for

come extended or-formulatio. But then Jr4Tza for come REIN
,
here

Y/) E Tert ? H .

To
pre that a given consistent o Roy T has a model

,
it

is enough to take a Heakin extension HIT to
a ip-theory and

build a model M: = ( M , PH) for H
.
Indeed

,
then the reduct

A : = (M
,
5) of Ay do a 2-Knog would be a -stuchure satifying T.

Thus to prove Godd Completener , it is enough to prove the following:

Main Lemma
.

LetI be a signature . Every Henkin :-theory It has a model.

To provehis ,
firstmote the following:

Lemma
.

LetH be a :-Henkin Rory and the a e-term.
.

Then there is

a (not necessarily unipe) constant symbol ceI such that t = c H.

Proof
.

Because it is an axiom for t
,
we let V := Ezr

,
so Y(/) is let,

and 415/) -> Art is provable from the axious of (this is the

contrapositive of Arc 4) -> -Y(/)
,
which is axiou (4)) . Thus

,
He t +

mul # Y(/) +ErY ,
hears HFFrY by MP

,
so Erect by maxima

lity .
Bears H is Menkin

,
there is Cout() with 4(EH

,
ie . Ecet.


